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Most techniques for solving dynamic optimization problems involve a series of gradient
computations and one-dimensional searches at some point in the optimization process. A
large class of problems, however, does not possess the necessary smoothness properties
that such algorithms require for good convergence. Even when smoothness conditions
are met, poor initial guesses at the solution often result in convergence to local minima
or even a lack of convergence altogether. For such cases, genetic search techniques can
be used to obtain a solution. In this paper, trajectory optimization using genetic search
methods is illustrated by solving a complex, nonlinear problem involving low-thrust orbit

transfer.

Introduction

UCH work has been done in the past several
decades on the solution of complex dynamic
optimization problems, particularly in aerospace sys-
tems. Solution techniques are generally classified as
either “direct” or “indirect”. Direct methods solve
the optimization problem by directly minimizing the
performance index, while indirect methods solve for
control functions and parameters which satisfy cer-
tain conditions for optimality.!™ These techniques
generally reduce to solving a multi-point boundary-
value problem.* The advantage of indirect methods
is that they ensure exact satisfaction of optimality
conditions, and thus provide guarantees of the local
optimality of the solution over a large class of (typi-
cally) peicewise-continuous control functions. Direct
methods seek to minimize the performance index di-
rectly, but only over a restricted, parameterized set
of state and control functions. The parameteriza-
tion allows one to substitute the dynamic optimization
problem for a static minimization problem over a finite
parameter space, with equality and/or inequality con-
straints arising from system dynamics and constraints.
Several examples of the indirect method exist in the
literature.>
Both direct and indirect techniques rely on some
kind of gradient search technique at some point in the
solution process. For indirect methods, gradient al-
gorithms are used to satisfy the end conditions of the
multi-point boundary value problem. For direct meth-
ods, gradient methods are used to determine search
directions of lower cost in the finite dimensions the
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particular parameter space chosen. In order to apply
gradient techniques effectively, the system dynamics
and performance index must at least have continuous
first partial derivatives with respect to state and con-
trol. Even when the required smoothness conditions
are met, gradient techniques have two significant dis-
advantages:

e Gradient methods typically have small domains of
convergence, resulting in convergence sensitivity
to the initial guess. Relaxation techniques can be
used to improve the domain of convergence.”

e For complicated dynamic optimization problems,
gradient methods may prematurely terminate at
local inflection points or local minima.

These two drawbacks are significant when not
enough is known of the solution structure to form a
reasonable initial guess. If the problem can be related
to the known solution to another problem related to
the original through a homotopy chain,® then conver-
gence can be obtained by traversing the chain in small
increments. Such a homotopy strategy may not be
possible, however, and even when it is, traversal of the
homotopy chain can be very time-consuming.

There is thus a need in the dynamic optimization of
complex, realistic systems for an optimization tech-
nique which does not rely on gradient information,
requires no a priori knowledge of the solution struc-
ture, and where the exact optimality yielded by in-
direct methods is not essential. The purpose of this
paper is to show that genetic search techniques can be
powerful tools in the solution of this class of prob-
lems. The term “genetic search” describes a set
of directed, discontinuous search methods inspired by
biological genetics and Darwinian evolution.”'! A
search problem is cast into the form of a “chromo-
some” representation; chromosomes are judged based
on a “fitness” or performance measure. Chromosomes
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with better fitness values are favored within the pop-
ulation; they are more likely to survive to pass on
their traits to offspring. Since genetic search methods
are not gradient-based, they are ideal for optimization
problems with non-smooth dynamics or performance
measures. An extensive set of software tools running
in the Matlab[ / Simulink™ environment has recently
been developed which solve optimization problems via
genetic search.!? This software has also been success-
fully applied to several problems in aerospace guidance
and control.'3

It should be noted, however, that genetic search
methods may not be the appropriate solution for cer-
tain dynamic optimization problems. If the problem at
hand involves smooth system partial derivatives of the
dynamics and cost function, known switching struc-
ture of any discontinuous controls, and if a reasonable
initial guess or the solution to a closely related prob-
lem is known, then gradient-based techniques are a
better choice. In addition, is should also be noted that
while genetic search techniques may yield results where
gradient-based techniques fail, the solutions they pro-
duce are often sub-optimal.

Genetic Search and Dynamic
Optimization

A genetic search is essentially the evolution of a pop-
ulation of chromosomes through genetic operations.
To pose the problem as a genetic search, the solu-
tion must be represented as a “chromosome”. At any
stage in the solution process, a “population” or chro-
mosomes exists which contains a set chromosomes, or
candidate solutions, to the problem. Each chromo-
some in the population possesses a “fitness”. Members
produce offspring via defined genetic operations such
as mutation or crossover, thus increasing the number
and diversity of the population. The genetic opera-
tions are such that the “child” chromosomes inherit
some characteristics of the “parent” chromosomes. A
“selection” criteria is used to determine which mem-
bers are used to produce the offspring. Finally, a
decimation rule is applied to the population to insure
that the population size remains bounded, and that
the average fitness of the population improves as the
algorithm progresses. The scope of this paper prevents
a complete treatment of genetic search algorithms; the
reader is instead referred to Ref. 11.

It is helpful in the present context, however, to point
out some features of genetic search which are particu-
larly useful in solving dynamic optimization problems.

Chromosome Representation

Genetic searches can only be performed on a prob-
lem whose solutions can be expressed as a chromosome
which can be operated on by the search algorithm. For

0 Matlab and Simulink are registered trademarks of The
Math Works, Inc.

dynamic optimization problems, one of the most use-
ful forms for expressing the solution is by an algebraic
expression. For example, suppose that one wishes to
find the scalar control function w(t) for all ¢ € [0, /]
which minimizes a cost function J(z(-),u(:)) subject
to nonlinear dynamics of the form:

x(t) = f(x(®), u(t), 1) ; x(0) =xo (1)

where x(t) € R”. It is natural to express candidate
solutions to this problem as algebraic functions of time.
For example, three candidate solutions may include
the following:

Ul(t) =1

u2(t) =t — cos(t)
5 2et

us(t) == 75

The genetic search package used in this study'? allows
the user to specify chromosomes in a population as
string variable algebraic expressions in the Matlab"
environment. For example, the above candidate op-
timal controls could be represented as the following
algebraic expressions :

ul = ‘1°
u2 = ‘t - cos (t)’
u3 = ‘t x t - ( ( 2xexp(t) ) / (t+1 ) )’

The above set may constitute the initial population for
the genetic search (for a problem of reasonable com-
plexity, the population size would be much larger). By
defining an initial population, one is parameterizing,
in a sense, the class of control laws which the genetic
search optimizes over, and hence, some degree of sub-
optimality is implied. For example, all future members
of the above population will be formed only from the
functions (1,2,t,cos(-),e()) and by the binary opera-
tions (4, —, X, +). Such a parameterization, however,
yields a very rich set of possible functions. For ex-
ample, after several generations from the above initial
population, the following member may be present in
the population:

u(t) = t* — 14 2% — t 4 cos(e?11)

Genetic Operations

If chromosomes directly represent algebraic expres-
sions, it is necessary that the genetic operation used in
the search be such that some sub-expression of a given
chromosome be allowed to move across generations,
and to be properly combined with sub-expressions
from other chromosomes. The appropriate genetic op-
eration which insures this is “crossover”, in which ran-
dom portions of genetic material are selected from each
of the two parents and “crossed over” amongst them,
producing two offspring. These crossover operations
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can be performed directly on the string representa-
tions of the expressions. Of course, care must be taken
in selecting a portion of the genetic material, so that
the part selected constitutes a self-contained algebraic
expression.

Evaluation of Fitness

The fitness of members of the population must be
closely related to the original performance index, J. If
chromosomes are represented as algebraic expressions,
it is easy numerically to compute x(-) from equation
1 and, together with u(-) from the chromosome itself,
evaluate J(x(-),u(-)).

Algebraic Chromosomes as Series Representations

Although chromosomes as direct algebraic expres-
sions allow a maximum mathematical richness for the
dynamic optimization problem, this representation has
its disadvantages. First, the crossover of very small
amounts of genetic material does not imply corre-
spondingly small differences between the parent and
child algebraic functions. Second, the complexity of
the chromosome (the number of floating point oper-
ations in the associated algebraic expression) grows
quickly with successive generations.

For these reasons, it may be desirable to be more
restrictive in the parameterization of control functions,
while still expressing chromosomes as string algebraic
expressions. For example, suppose that the control
u(-) was parameterized using Chebychev polynomials
of the first kind, as:

N
u(o) = 3" aiTi(o), @

where o € [—1,1] and a one-to-one mapping from ¢ to
o is defined. The Chebychev polynomials

Ti(0) = cos{icos™' (o)} (3)

Under this parameterization, a chromosome in the
population could be represented as follows:

u=‘-1+2x%0.1+3x* (2%0.1+4)°

Although this chromosome is treated identically to the
more general algebraic expressions above in terms of
genetic operations, it is interpreted differently when it
is used to evaluate x(-) in equation 1. For example, this
chromosome would represent a Chebychev polynomial
with V =3 and with:

ag = -1
a; = 0.2
ax =12.6

Such a parameterization ensures that small crossover
of genetic material result in perturbations of only a sin-
gle coefficient of the polynomial expansion. Note that

the order of the Chebychev polynomial is not fixed
during the genetic search. Rather, it is “optimized”,
together with the coefficients themselves. The order
of the Chebychev polynomial, however, grows linearly
only with the number of (4, —) operations, with the
(x,+) operations not increasing the order of the ex-
pansion. Of course, this chromosome structure could
be used with any other series parameterization for the
control; the Chebychev expansion was chosen for the
present study of low-thrust orbit transfer.

Enforcing Control Constraints in a Genetic Search

Once a series representation is chosen for the control,
it is a simple matter to check for satisfaction of equality
or inequality constraints on the control variable w(-).
An equality constraint of the form:

Clu(ti), ti) =0 (4)

translates into an algebraic equation in the expansion
coefficients, as in the above Chebychev expansion,

N
Z a;a; = K (5)
i=0

In the case of inequality constraints of the form:
C(u(t),t) <0 (6)

translates into a region & € RV, such that each ad-
missible a = [ag, a; --- ay]’ must belong to &. New
chromosomes can be evaluated against these two types
of constraints, and they can be deleted if the constraint
is not satisfied.

Treatment of Discontinuous Control

Just as with the series representation above in which
the order of the expansion is not restricted to be
fixed during the search, genetic search techniques al-
low the number of instants of discontinuous control,
as well as thier instants in time, to be part of the op-
timization process. There are many ways this can be
accomplished, but one general method which exploits
multiple populations is outlined here.

The genetic search tools of Ref. 12 allow for multi-
ple chromosome populations for a given genetic search.
For example, two populations could be used to repre-
sent separate control functions, say u1(-) and wa(+),
and a third could represent a switching function S(-),
such that if S(¢t) < 0, then wu(t) = wy(t), and if
S(t) > 0, then u(t) = uz(t). The number of switching
instants between wuq(-) and us(-) is determined by the
number of positive roots of S(-), and is thus variable
during the genetic search.

The Low-Thrust Orbit Transfer
Problem

To illustrate the application of genetic search tech-
niques to dynamic optimization, we consider a problem
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of low-thrust orbit transfer. Suppose that a satellite
is in an initial orbit about the Earth, with orbital pa-
rameters (€g, %0, a0). It is desired to change this orbit
to approach as close as possible to the parameters of
a geosynchronous orbit (GEO), given by:

€des = 0,
ides = 07
Ades = 4.21645e7 meters.

The orbit transfer will be affected by the continuous
burn of a single engine on the spacecraft. The mass
rate of change during engine burn is assumed constant.
In order for the spacecraft to complete its mission at
GEOQO, it must have a given amount of fuel when the
GEO operational orbit is achieved; hence the final time
of the orbit transfer is fixed and given by ty. Figure
1 gives a schematic of the low-thrust orbit transfer
problem.

Problem Dynamics and Performance Index

The translational equations of motion of the space-
craft, assuming a perfect inverse-square gravitational
field of the Earth and neglecting the mass of the space-
craft relative to the Earth, are given by:'4

dv HE 1

& = TP w0

where r is the position vector of the spacecraft in
an Earth-centered inertial (ECI) frame, v is its time
derivative, T is the thrust vector in the inertial frame,
and m is the spacecraft mass. The ECI frame has
the usual definition, with the x-y plane equal to the
equatorial plane, and with the x-axis directed towards
Aries. Since these elements will appear later in the
performance index, their well-known expressions are
repeated here. The semi-major axis a is given by:

123
O il - oy
Of course, when the thrust T is off, a is a constant of
the motion and has physical meaning in terms of the
resulting elliptical orbit. During orbit transfer when
T(t) is nonzero, a(t) is the semimajor axis which would
result if thrust were turned off at that instant. With

this same interpretation, the inclination i(t) is given
by:

i(t) = cos™! <ﬁ> ; h(t) =r(t) x v(t), (9)

and the eccentricity €(t) is given by:

[h@®)I[*

pra(t)”

e(t) = 4/1— (10)

Based on these parameters, a cost function to measure
the efficacy the thrust policy T(:) in performing the

Fig. 2 Definition of frame O and thrust angles
orbit transfer can be written as:

J(T(-)) = eprlettr)—ealtpzlitt)—ial+pslalt) —aal = (77)

where (p1, p2, p3) are positive real numbers.

Parameterization of Control

For this problem, we suppose that the thrust vector
magnitude, and the direction is used to affect the orbit
transfer. It is convenient to define the direction of T ()
in terms of two angles «a(t) and 8(t) defined in an orbit
frame O, defined as in Figure 2. The x-axis of frame
O is aligned with v(t), the y-axis is in the direction of
(r(t) xv(t)), and the z-axis completes the right-handed
triad. As shown in Figure 2, the anglea(t) denotes the
angle between the projection of T(t) onto the x-z plane
of frame O, and the angle 3(¢) denotes the angle of T ()
out of the x-z plane of frame . Note that there are
no explicit physical constraints on the angles.

With these angle definitions, the thrust can be writ-
ten in the O frame as:

cos{B(t)} cos{al(t)}
Tc - Sin{ﬂ(t)} ’ (12)
cos{f(t)} sin{a(t)}

where T, is the constant thrust magnitude. The orig-
inal thrust vector T(¢) can then be written as:

T(t) = Az/o(r(t),v(1)) - To(alt), B(t)) (13)
where the direction cosine matrix Az /¢ is given by:

Azjo(r(t),v(t)) = [Vo , ¥y , V2] (14)

To(a(t),5(t))

|
. B r(t) x v(t)
WO = o <ol
02(8) = 02 (8) x 9, (1

The angle functions of time «(-) and 5(-) will be pa-
rameterized in terms of finite Chebychev polynomials
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Fig. 1 Schematic of the low-thrust orbit transfer problem

of the first kind, as:
Na
a(o) =Y aTi(o), (15)
i=0

Ng
Blo) = BiTi(0), (16)
=0

where 0 € [—1,1]. A linear transformation from ¢ to
o was chosen as:

2t —t
o=""2

” (a7

Formulation as Genetic Search

The control variables a(-) and B(-) can be repre-
sented in the genetic search as two populations of
chromosomes, which each chromosome constituting an
algebraic expression of Chebychev coefficients, as dis-
cussed in Section 2. In the orbit transfer problem, it is
reasonable to suspect that at ¢ = ¢y, the thrust force
should be parallel to the velocity vector. This implies
that a(ty) = B(ty) = 0. In the interest of further
restricting the class of controls searched over by the
genetic algorithm, this constraint can be imposed by
increasing the order of the Chebychev expansion by
one (over that determined by the chromosome struc-
ture), and using the terminal equality constraint to
compute the additional coefficient. For example, if
N, is the order determined by a given chromosome
for a(-), then the actual Chebychev expansion for a(-)
is of order N, + 1, and the coefficient an_ 1 is com-

puted from the equation:

Nao+1

> =0 (18)

It is noted again that under this chromosome formu-
lation, the order of the Chebychev expansion is not
fixed, but is optimized during the genetic search.

Results

This orbit transfer problem was considered using the
following vehicle parameters and mass properties:

initial vehicle mass = 1534.4kg.

mass loss rate = 9.2e-4 kg. /sec.

thrust magnitude = 50 N

final time = 400,000 sec.

perigee altitude of initial orbit = 200 km.
eccentricity of initial orbit = 0.4

inclination of initial orbit = 0.26 rad.

The weighting parameters of the cost function were
chosen to be:

p1 = 110.0
p> = 500.0
pP3 = 1.0e-9

A genetic search was performed for 957 generations.
Figure 3 shows a running history of the best fitness
(lowest value of the performance index) over the course
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Fig. 4 Thrust angle history for best member after
957 generations

of the optimizations, indicating steady improvement, of
the performance index by orders of magnitude from a
very poor initial fitness. The best members of the pop-
ulations for «(t) and B(t) after the optimization were
11th order Chebychev polynomials. The time history
of these angles during the orbit transfer are shown in
Figure 4. Figure 5 shows the history of eccentricity
€(t) (given by equation 10) and the history of inclina-
tion i(t) (given by equation 9) during the course of the
orbit transfer associated with the best members. At
the beginning of the orbit transfer, the orbit period is
relatively small, as evidenced by the faster oscillations
in the orbital parameters. By the final time, however,
the orbit has been largely circularized; a larger number
of generations would yield even greater circularization
of the final orbit. Finally, Figure 6 shows the semi-
major axis of the instantaneous orbit. As this graph
shows, the thrust profile obtains affects a continuous
growth of semi-major axis, a primary objective of the
orbit transfer maneuver.
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Fig. 5 Eccentricity and Inclination for best mem-
ber
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Fig. 6 Semi-major axis history for best member

Summary

In this paper, dynamic optimization problems have
been examined from the point of view of genetic
search. Genetic search techniques may be the appro-
priate solution choice for optimization problems which
are nonsmooth, or when not enough is known about
the optimal solution to generate a sufficiently good
initial guess. The genetic search technique was illus-
trated here by solving a nonsmooth, nonlinear problem
involving low-thrust orbit transfer. The results ob-
tained illustrate general convergence to the minimum,
although a more lengthy genetic search should be con-
ducted to achieve greater optimality of the result.
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